A novel method to calculate the harmonic torque components in synchronous machines is presented. Harmonic torque components create a torque ripple, which is undesirable in many applications. This torque ripple is a major cause of acoustic noise and vibration and can limit the machine's application range. A seminumerical method is developed to calculate and analyze harmonic torque components based on Maxwell stress tensor theory. Development of the Maxwell stress expressions leads to a simple algebraic expression for the calculation. Finite-element (FE) analysis is used to determine the equation variables. It is shown that postprocessing of the FE solution provides valuable information regarding the composition of the torque waveform, based upon field harmonics, which was previously unavailable. A deeper insight can be gained into more direct electromagnetic design changes to reduce torque ripple in synchronous machines, improving their torque quality. As an example, the developed method is applied to a synchronous reluctance machine with fractional slot concentrated windings that is known to exhibit high torque ripple.
I. INTRODUCTION
T ORQUE ripple is a major concern in electrical machines, causing unwanted acoustic noise and vibration [1] as well as limiting the application range of the machine to applications where torque quality is of low importance. Effective reduction in torque ripple is an important consideration and challenge for electrical machine designers. Torque ripple analysis, and therefore mitigation, is limited with finite-element (FE) solutions as no information relating to the composition or cause can be explicitly found, only the resultant torque waveform. The mean torque and torque ripple are the only figures of merit that can be determined by conventional methods, with percentage torque ripple assessing the torque quality. Detailed information would be useful to machine designers to assist iterative geometry selection associated with practical machine design. Although there are many papers focusing on torque ripple reduction in synchronous machines, the majority of which suggest design changes [2] - [6] , others concentrate on the drive and control aspect of reducing torque ripple [7] - [9] . The sources affecting torque ripple can be defined as: 1) cogging; 2) stator magneto-motive force (MMF) and permeance interaction; 3) stator MMF and back-electro-motive force (EMF) interaction. The cogging torque is due to special variations in permeance caused by stator slotting and is only applicable in machines with permanent magnets, therefore is not present in synchronous reluctance machines. The second source is applicable in all salient synchronous machines and is most evident in machines with a high level of MMF space harmonic content. The third source is applicable again only to permanent magnet machines where a nonsinusoidal back EMF exists or the excitation current is nonsinusoidal. These sources affect the harmonic content of the waveform, which leads to the torque ripple, acoustic noise, and vibration. Fractional slot concentrated windings (FSCWs) are now common in permanent magnet synchronous machines [10] - [13] , and have been preliminarily investigated in induction machines and also synchronous reluctance machines in [14] , where they are known to have high levels of torque ripple. FSCWs offer a multitude of advantages to the machine designer, including [11] : 1) nonoverlapping end windings; 2) short end windings; 3) higher slot fill factor; 4) stator modularity and ease of manufacture. These advantages lead to lower copper loss and mass, higher slot thermal conductivity, active length reduction, and higher performance [14] . In [10] , a compelling argument for the transition from distributed windings to FSCW is presented. However, the advantages of FSCW can be overshadowed by the rich harmonic content in the resultant MMF waves. These lead to unwanted parasitic effects, such as torque ripple, through stator MMF, and permeance variation interaction. The harmonic content derives from the winding factors of particular winding patterns, which in turn depend on the number of poles and the stator tooth number [15] . Harmonic analysis of FSCW MMF waves and analysis of their effects on PMSM performance is detailed in [16] . These analyses are based on analytical methods, which do not have the same accuracy as the FE method. No harmonic analysis of FSCW synchronous reluctance (cSynRM) machines is, to the best of the authors' knowledge, found in the literature. Spargo et al. [14] presented the first analysis of a cSynRM machine in comparison with a conventional polyphase distributed winding synchronous reluctance machine. They concluded that, to improve the performance of this type 0018-9464 © 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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of machine, the torque ripple must be analyzed and reduced before it can compete with machine types with a low torque ripple. The aim of this paper is to develop a seminumerical postprocessing tool to calculate the harmonic torque components. This tool is then applied to an FSCW synchronous reluctance machine that is known to have a large torque ripple, to determine electromagnetic design changes so that the torque quality can be improved. Although this example application is provided, it is beyond the scope of this paper to detail the complete electromagnetic design processes and is provided to illustrate the possibilities of the developed postprocessing method.
II. APPLICABLE WINDING HARMONICS
Synchronous reluctance machines are universally designed with either an integer or fractional slot polyphase winding [17] - [19] . The FSCW is defined by the number of slots per pole per phase, q
where Q s is the number of stator slots, p is the number of pole pairs, and m is the number of phases. The terms z and n represent the numerical value of the fraction's numerator and denominator. If q < 1, the winding is an FSCW. The FSCW can be split into two grades, depending upon n in a fractional q [15] ; Grade I if n is even, which implies asymmetrical flux over a pole, and Grade 2 if n is odd where symmetry exists over the pole. The grade of the winding affects the winding factors of the winding and thus directly affects the MMF harmonics and therefore the air-gap field harmonics. The applicable harmonics are defined by
Odd and even harmonics can exist within FSCW machines. Usually, the even harmonics are eliminated by the symmetry of a sinusoidally distributed integer or fractional slot winding. However, FSCWs can set up asymmetrical field waveforms due to the distribution of the coils and it must be noted that if q is <1, the resulting flux waveform in the machine may be asymmetrical, and if q is ≤0.5, the main flux path in the machine in the air-gap region may consist of one slot and one tooth leading to significant asymmetry and space harmonic content. In addition, if z =1, subharmonics will exist in the winding factors and will contribute to the MMF. The winding factors ξ v are used in the calculation of the machine harmonic MMF content calculated as [20] Usually, a winding is selected that eliminates or reduces higher order harmonics, but retains a high fundamental winding factor. We can do the same in FSCWs, however, in some cases, it is noted that no higher order harmonic reduction or elimination is possible. This leads to high winding factors for harmonics, with the same magnitude as the fundamental. The harmonic content of a concentrated winding is higher than that of a distributed winding, as shown in Fig. 1 . This leads to design challenges for optimum performance, which includes high levels of torque ripple components.
III. MMF HARMONICS
The stator MMF in an electrical machine is important in torque production; it is especially important in reluctance machines as it also serves as a magnetizing force. The resultant MMF in the air gap is a function of space and time, which can be written as rotating waves [16] 
where N is the number of series turns per phase and ξ v is the harmonic winding factor. The forward F + mv and backward F − mv rotating harmonic MMF components can be written as cosinusoidal waves in space and time. The stator MMF waves interact with the machine permeance function (a function of space and time also) to form the air-gap flux and also produce the torque ripple components. Therefore, it a is key to reduce machine losses, torque ripple, acoustic noise, and vibration and to minimize the harmonic content in the air-gap flux.
IV. FIELD HARMONICS
Calculation of both winding factors and MMF is readily performed analytically from (3) and (4) with applicable harmonics given by (2) . Accurate calculation of air-gap magnetic fields is difficult to determine analytically, due to permeance variation, saturation and other effects. Performing transient with motion FE analysis at the desired operating points, we can then extract the air-gap field, defined by an arc in the center of the air gap. As the air gap is small, the assumption is made that the variation across the air gap in the radial dimension is negligible. The air-gap flux density can be discretized and extracted
where B θ and B r are the tangential and radial magnetic flux density components around the air-gap circumference as a discrete function of time and space
The angle around the air gap is discretized according to
where n is the discrete sample index and N is the number of samples. The radial and tangential components around the air gap at each point in time can then be decomposed using a discrete time Fourier series
It can be shown that the inverse transform of (8) can be represented as
Evaluation of the field around the air gap at each time instant is performed to obtain the time varying magnetic field used for torque waveform calculation and calculation of the harmonic torque components. The term 0 = 2π/N is the discrete angle.
V. MAXWELL STRESS TORQUE CALCULATION
The Maxwell stress tensor [22] is extensively used in the calculation of torque in electromagnetic machines [23] . The tensor expressed in cylindrical coordinates and neglecting any z-axis component field due to 2-D FE studies, the resultant shear rotor stress is written as
This tangential stress allows the calculation of the resultant rotor electromagnetic torque at a time instant by integrating over the surface
It must be noted that this expression allows the calculation of only the total or resultant electromagnetic torque developed by the machine, based on this conventional calculation, and contains no information on harmonic torque components due to air-gap field harmonics.
VI. TORQUE CONTRIBUTION BY FIELD HARMONICS
The radial and tangential fields are functions of the airgap periphery angle and can be harmonically decomposed and reassembled as a sum of cosinusoidal functions according to (9) . In the continuous domain, this sum can be written for either the radial or tangential fields for an instant in time as
where ϕ v is the harmonic phase of the harmonic v, therefore each harmonic field is expressed as
An expression for the harmonic air-gap tangential stress (force density) can then be formed for the use in harmonic torque calculations
where l and m are used as the harmonic ordinates for the tangential and radial fields and n is the resultant harmonic of the tangential stress. The resultant shear stress can be found by a simple summation due to the superposition theorem
Then, the development of an equation providing information on harmonic torque components by the substitution of (14) into (11) follows. Using trigonometric identities and setting for convenience ϕ l = 0 in the equation and then define ϕ d ϕ l − ϕ m , integrating over the machine length l a noting that the integral only exists when
Then, by analysis,
, thus the first term in (16) disappears and the harmonic torque equation is now a simple equation
where B v r is the magnitude of the radial field vth harmonic, B v θ is the vth harmonic of the tangential field, which are either forward or backward rotating harmonic fields, and ϕ v d is the phase angle between the vth harmonic of the radial and tangential fields. The factor four in the equation comes from (9) regarding the DTFS decomposition of the field components from the FE solution, it is not physically significant. Equation (17) allows harmonic torque calculation for each point in time or rotor angle. From this, the resultant torque can be calculated at a time instant and if a time-stepping transient with motion study is performed, the individual air-gap field harmonics contribution to torque production can be charted, providing valuable information. The corresponding resultant torque T θ at a particular time instant t and mean torqueT v θ over a full mechanical rotation of time interval t = 0 to t = T with N T time samples and torque ripple are expressed as
This set of equations along with (17) provide the framework for a FE postprocessing technique to provide detailed information of the torque quality of synchronous machines. It is observed that πl a r 2 is equal to the rotor electromagnetic volume.
VII. FSCW SYNCHRONOUS RELUCTANCE MACHINE
FSCWs can be applied to synchronous reluctance machines [14] . Due to the dependence of the machine magnetizing current upon the pole number, a low pole number is generally used. This limits the slot-pole combinations available: in this paper, a six-slot four-pole machine is analyzed (Fig. 2) and electromagnetic design changes made to reduce the known torque ripple in this slot-pole combination, which has been chosen as to illustrate the method. The machine uses single tooth windings to achieve low copper loss, high efficiency, and torque density. The number of slots per phase per pole is
The denominator n is two, which is even and thus the winding is categorized as a Grade I winding with harmonics given by
Therefore, v takes on the values 1, −2, 4, −5, 7, and so on. The significance of the negative is that these harmonics are counter-rotating harmonics with respect to the fundamental. The winding factors are calculated and the MMF per unit magnitudes are also calculated from (3) and (4), as shown in Fig. 3 . It can be observed that the machine has constant winding = 1 in (3) because q = 1/2 and n = 2. Therefore, there are high magnitude harmonic MMF components available for interaction with the rotor permeance, causing the unwanted parasitic effects. These harmonic effects can also be determined graphically by Fourier analysis of the MMF function, shown in Fig. 4 , where the MMF rise over the slot has not been shown. The profile is far from sinusoidal. This MMF space harmonic content is represented in the air-gap magnetic field, which, as according to (17) , creates harmonic torque components of the order equal to that of the field harmonic. Even harmonics exist in the machine due to the asymmetric flux waveforms resulting from the discrete coil placements. The machine under consideration is operated at its base speed of 1500 r/min with a rated current of 20 A with a transverse laminated four-pole flux barrier rotor. The machine has mechanical and winding specifications according to Table I and Fig. 2 .
The rotor design is not optimized for this stator configuration and from a time-stepping FE solution, the torque waveform is calculated at the desired operating point, as shown in Fig. 5 .
From the two figures of merit available without the postprocessing technique, the torque waveform exhibits a mean torque of 23 N m and a torque ripple of over 100%. This level of torque ripple is unacceptable and is usually found in switched reluctance machines, but not synchronous reluctance machines. As shown in [14] , analysis and mitigation must be performed to realize a practical machine, by the improvement in the torque quality.
This machine and winding type has been used in this paper to illuminate the usefulness and accuracy of the method. The method can be further applied to all machine and winding types. The simulated winding is a balanced three-phase starconnected winding driven by sinusoidal currents. The sinusoidal currents allow the space harmonic contributions that is of interest here, to be separated from any time harmonic content.
VIII. POSTPROCESSING EXAMPLE
The postprocessing technique developed in Section VI is now applied. The process is easily automated using interoperability opportunities between software packages through custom scripting. MATLAB is used as front-end application to run the FE software in the background and extract the required data sets and postprocess this data based on (17)- (20) .
The developed method is can be incorporated into the motor design cycle. A simplified flow diagram incorporating the technique is shown in Fig. 6 . The method can be performed iteratively to achieve a reduction in torque ripple, but the technique alone cannot achieve results, the electromagnetic design changes are chosen by the designer given the information obtained from this tool. The air-gap field information extracted in accordance with (7) is shown in Table II and Fig. 7 , with the resultant waveforms in Fig. 8 . All are at an arbitrary time instant in the electrical cycle.
It is evident that there is a large second-order field component, in other words, a counter-rotating eight-pole field with respect to the fundamental four-pole field. Using the developed equations, calculation of the torque harmonics due to these supersynchronous field components is possible. Particular interest is paid to the second-order field component because the majority of the torque ripple is caused by this counter-rotating field, which derives from the space harmonic content in the MMF distribution. This information was previously unobtainable and now drives the direction in reducing the particular harmonic to improve the torque quality of the machine. To visualize the harmonic torque components over an electrical cycle, a diagram of the harmonic field contribution to the torque is shown in Fig. 9 .
This shows clearly the contribution of the harmonic torque components, by the superposition principle, to the resultant torque waveform. As a final validation of the developed postprocessing method, the torque harmonics are reconstructed according to (18) , shown in Fig. 10 , it shows that the reconstructed waveform based on the superposition of harmonic torque components is a faithful representation of the actual FE resultant waveform.
The slight differences in the waveform shape and magnitude are caused by the evaluation method of the Maxwell stress tensor in the discretized air-gap/sampling issues. Other methods of evaluating the stress tensor could give higher accuracy results but it is beyond the scope of this paper to explore these further. This torque ripple must therefore be reduced; now, we have gained valuable and validated information on its source. In the following section, electromagnetic design changes are developed to achieve this aim.
IX. EXAMPLE ROTOR DEVELOPMENT
The second-order (eight-pole) field is the root cause of the high level of torque ripple in the machine. This second-order field is counter rotating at a speed relative to the fundamental given by
where ω = 2π f s . This interacts with the rotor saliency (permeance function), which is designed for four-pole operation, and torque is produced. The torque is obviously oscillatory as the harmonic field is rotating at ω rs . Therefore, we must reduce the apparent saliency of the rotor for this field, without compromising the saliency for the main torque producing component, the four-pole field. To do this, consider the FE calculated flux patterns for the eight-pole field in Fig. 11 . By considering the points of maximum and minimum torque production of the traveling 8-pole field and knowing that higher order harmonic fields penetrate less into the iron than lower orders, a slight modification of the rotor in the form of a q-axis cutout, depending upon the harmonic order, could reduce the effective saliency and therefore solve the torque ripple problem. Introducing a q-axis cutout, the resulting mean torque and torque ripple can be evaluated without the developed postprocessing technique.
The cutout depth in terms of layers is used, and its effect is shown in Fig. 12 and Table III . FE solutions and postprocessed data (18) are compared in Figs. 14 and 15, which show an excellent match, with a reduction in torque ripple but also a reduction in mean torque capability.
Therefore, by means of design iteration (design a-i once cutout depth is known), as shown in Fig. 13 , an optimal design, with significantly reduced torque ripple is achieved in design i and with restored mean torque capability. A simple optimization process by trial and error has been used, to (FIG. 12) modify an existing rotor design, which has good performance in a conventionally wound machine. The rib widths and barrier thicknesses have not been altered, the existence of the ribs is simply changed in iteration to find the best result. This is a crude optimization process and improved results may be achieved using specialist optimization software, however, that is beyond the scope of this paper and the very good results presented have been achieved by hand using information gained from the developed technique.
The mean torque and torque ripple calculations for various design iterations are tabulated in Table IV . Once the cutout depth is set, the four-pole flux is somewhat choked off and Rotor designs, with the final design, i. This rotor design has significantly lower torque ripple than the original rotor. thus designs a-h try to re-establish the fundamental flux to regain the mean torque that is lost due to the introduction of the q-axis cutout. This is achieved with the final design i having the same mean torque as the original rotor component but with only 44% torque ripple, opposed to the original 106% torque ripple. A comparison of the torque waveforms is shown in Fig. 16 . (FIG. 13)   Fig. 16 .
Comparison of the original design torque waveform and the waveform of design i.
Through insight given by the developed postprocessing technique, which was previously unobtainable, in this example, electromagnetic design changes have been made to reduce the interaction of the second-order counter-rotating harmonic field, mitigating a large proportion of the torque ripple caused by that harmonic. Therefore, the technique has aided in improving the torque quality of this example topology synchronous reluctance machine.
X. CONCLUSION
A novel method of analyzing the torque quality of a synchronous machine has been presented. With Maxwell stress tensor theory, equations for harmonically related tangential stresses were developed through discrete time Fourier series expressions of the air-gap magnetic field. These stress equations were then developed into torque equations that yield valuable information on the torque components and contributions caused by individual field harmonics to the resultant torque waveform.
This postprocessing method was then applied to a fractional slot concentrated wound synchronous reluctance machine using automation techniques. A large second-order (eightpole) harmonic field was found to be causing the torque ripple, which is the information previously unobtainable with the conventional methods where only mean torque and torque ripple are the figures of merits available. With the information gained, a direct attack on the second-order harmonic can be undertaken and a reduction of torque ripple from 106% to 44% while maintaining the mean torque was achieved.
The novel method has been shown to provide valuable information and aid the designer to make more informed decisions on the electromagnetic design changes required to improve machine performance. The developed method can be applied to all synchronous machines and with a little modification could be applied to asynchronous machines.
APPENDIX FE SOLUTION RESULTS FOR ROTOR DESIGNS
Cutout depth increases, reducing torque ripple but also reducing the mean torque capability of the machine (Table III) .
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